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Abstract: In this article, using Orlicz function, the concept of I-statistically pre-Cauchy sequence of fuzzy real numbers
having multiplicity greater than two is introduced. A necessary and sufficient condition for a bounded triple sequence of fuzzy
real numbers to be I-statistically Cauchy is established. It is also shown that an I-statistically convergent triple sequence of

fuzzy numbers is I-statistically pre-Cauchy.
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1. Introduction

Fuzzy set theory, compared to other mathematical theories,
is perhaps the most easily adaptable theory to practice. The
main reason is that a fuzzy set has the property of relativity,
variability and inexactness in the definition of its elements.
Instead of defining an entity in calculus by assuming that its
role is exactly known, we can use fuzzy sets to define the
same entity by allowing possible deviations and inexactness
in its role. Fuzzy set theory has become an area of active area
of research in science and engineering for the last 46 years.
The concept of fuzzy set is first introduced by Zadeh [37] in
1965. Later on, the sequence of fuzzy numbers is discussed
by several mathematicians such as Matloka [18], Nanda [20],
Savas [28] and many others.

The notion of statistical convergence was first introduced
by Fast [11]. After then it was studied by many researchers
like Salat [25], Fridy [12], Connor [2], Maddox [17], Kwon
[16], Savas [27]. Different classes of statistically convergent
sequences were introduced and investigated by Tripathy and
Sen [35], Tripathy and Sarma [34] etc. Moricz [19] extended
statistical convergence from single to multiple real
sequences. Nuray and Savas [22] first defined the concepts of
statistical convergence and statistically Cauchy for sequences
of fuzzy numbers. The notion of statistically pre-Cauchy for
real sequences was introduced by Connor, Fridy and Kline

[3]. More works on statistically pre-Cauchy sequences are
found in Khan and Lohani [14], Dutta [8], Dutta and Tripathy
[7], Das et al. [5] etc.

Agnew [1] studied the summability theory of multiple
sequences and obtained certain theorems which have already
been proved for double sequences by the author himself. The
different types of notions of triple sequences was introduced
and investigated at the initial stage by Sahiner et al. [23],
Sahiner and Tripathy [24]. Recently Savas and Esi [30] have
introduced statistical convergence of triple sequences on
probabilistic normed space. Later on, Esi [9] have introduced
statistical convergence of triple sequences in topological
groups. Some more works on triple sequences are found on
Kumar et al. [15], Esi [10], Dutta et al. [6], Tripathy and
Dutta [32], Tripathy and Goswami [33], Nath and Roy [21]
etc.

The idea of statistical convergence is extended to I-
convergence in case of real’s by using the notion of ideals of
N. Kostyrko, Salat and Wilczynski [13] introduced the
concept of ideal convergence for single sequences in 2000-
2001. Later on it was further developed by Salat et al. [26],
Das et al. [4], Sen and Roy [31] and many others. Savas and
Das [29] used ideals to introduce the concept of I-statistical
convergence for real’s which have extended the notion of
statistical convergence. The notion of I-statistically pre-
Cauchy sequences are also introduced by them. In the present
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article, we have extended these results to introduce the
concept of I-statistically pre-Cauchy sequences for the triple
sequence of fuzzy real numbers.

A fuzzy real number on R is a mapping
X :R - L(=[0,1]) associating each real number ¢ JR with
its grade of membership X (¢). Every real number » can be
expressed as a fuzzy real number 7 as follows:

Nr)—{l !

0 otherwise

t=r

The a-level set of a fuzzy real number X , 0<a <],
denoted by [X]? is defined as

[X)"={OR: X(®)=aq)}.

A fuzzy real number X is called convex if
X@®)2X(s)UX(r) = min (X(s),X(7)), where s<t<r. If
there exists ¢, R such that X(¢,) =1, then the fuzzy real
number X is called normal. A fuzzy real number X is said to
be upper semi-continuous if for each £ >0, X'[0,a +&)),
for all aJL is open in the usual topology of R.The set of
all upper semi continuous, normal, convex fuzzy number is
denoted by R(L). The additive identity and multiplicative
identity in R(L) are denoted by 0 and 1 respectively.

Let D be the set of all closed bounded intervals
X = [XL ,XRJ on the real line R. Then

X <Y if and only if X*<Y* and X* <Y". Also let
d(X,Y) = max ([X"-X*|,|Y"-Y*)).

Then (D,d)is a complete metric space.

Let  d:R(L)XR(L) - R be  defined by
d(X,Y)= ()s(ugld([X]a,[Y]”) , for X,Y OR(L).

Then d defines a metric on R(L).

2. Preliminaries and Background

In this section, some notations and basic definitions which
will be used in this article are recalled.

A triple sequence can be defined as a function
X:NXNxN - R(C),where N, R and C denote the sets of
natural numbers,
respectively.

The notion of statistical convergence for triplesequences
depends on the density of the subsets of N XN XN. A
subset £ of N XN x N is said to have density or asymptotic
density o, (E), if the given by

real numbers and complex numbers

limit

P4 _r
O,(E)= lim ZZZ){E (n,k,0) exists, where Y, is the
P = 2 k=l 1=
characteristic function of E.
Obviously O,(E°)=p(NXNXN—E)=1-0,(E). The
notion of Ideal convergence depends on the structure of the

ideal / of the subset of the set of natural numbers N.
Let X be a non empty set. A non-void class 7 02" (power
set of X) is said to be an ideal if / is additive and hereditary, i.

e. if I satisfies the following conditions:
(1) 4,80 I = A0B0/7 and

(i) AD I and BO A= BOL.

A non-empty family of sets F 02" is said to be a filter on
Xif

() JOF (ii)yA, BOF = A n B [JF and (iii) A [JF and 4
B = B[F.

For any ideal I, there is a filter F (/) given by
F(H)={KON:N\KOI}.

Anideal 7 02% is said to be non-trivial if /20 and X [J I.
The details about the ideals of 2¥*¥ are introduced and
investigated by Tripathy and Tripathy [36]. Throughout, the
ideals of 2¥*V*¥ will be denoted by /5. .

Example 2. 1. Let ,(p) 02" i, e. the class of all
subsets of N XN XN of zero natural density.

Then ,(0) is an ideal of V¥V

The scope for the studies on sequence spaces was extended
by using the concept of Orlicz function. The study of Orlicz
sequence spaces was initiated with certain specific purpose in
Banach space theory.

An Orlicz function M is a function M :[0,00) — [0, )
such that it is continuous, non-decreasing and convex with
M(0)=0, M(x)>0 forx>0 and M(x) - © as x — o,

Lindenstrauss and Tzafriri [14] used the idea of Orlicz
function to construct the sequence space,

k=1

Ly :{ (xk)Dw:iM(%J<oo, for some p> 0 },

which becomes a Banach space, with the

x| = inf{ p>0:iM(MJsl}
=N

The space ¢,, is closely related to the space ¢”, which is

norm

an Orlicz sequence space with M (x) =x”, for 1< p <co.
If M is function, then M(0)=0,
MAx)<AM(x) for all A with 0<A<l. An Orlicz
function may be bounded or unbounded. For example,

an Orlicz and

X

M(x)=x",(0< p<1) is unbounded and M (x) = " is
x
bounded.

Studies on some important classes of Orlicz sequences
from different point of view are found in Parashar and
Choudhary [21], Tripathy and Sarma [33], Sen and Roy [27]
etc.

Throughout the article (w" ), and G ); denote the spaces

of all and bounded triple sequences of fuzzy numbers
respectively.

A fuzzy real-valued triple sequence X = <X ijk> is a triple
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infinite array of fuzzy real numbers X, for all i, j,kLIN
and is denoted by <X ,.jk> where X, U R(L).

A fuzzy real-valued triple sequence X = <X ijk> is said to
be statistically convergent to the fuzzy real number L, if for

all £>0,

lim —|{(z jk):d(X,

m,n,l — o ijk>

L)Zs,iSm;an;ksl}|:

where|.| indicate the cardinality of the enclosed set and we

write stat; —lim X, = L.

A fuzzy real-valued triple sequence X = <X U.k> is said to
be I-convergent to the fuzzy real number L, if for each

£>0, the set {(i, /) ONXNxN:d(X,,.L) 2 & OI,.
A fuzzy real-valued triple sequence X = <X ,;,k> is said to
be bounded if P (X, 0) <.

A fuzzy real-valued triple sequence X = <X I.jk> is said to

be I-statistically convergent to the fuzzy real number L, if
for each £>0 and 0 >0,

Ly -
{(m,n,l)DNxNxN:ﬁ‘{l <mj<mk<l:d(X,,L) 25}‘ > 5}513.

A fuzzy real-valued triple sequence X = <X it > is said to be I-statistically pre-Cauchy if, for each & >0and d > 0,

{(mnl)DNXNXN el

3. Main Results

(G, k) d (X, ,,.,,)>€tp<mm<nkr<l}\>5}ﬂl

Using Orlicz function, a necessary and sufficient condition for a bounded triple sequence of fuzzy real numbers to be /-

statistically pre-Cauchy is derived in the following theorem.

Theorem 3. 1. Let M be a bounded Orlicz function. Then a triple sequence of fuzzy numbers X = <X ,jk> is I-statistically

pre-Cauchy if and only if

d Xy » X,0) | _
I_mlnl?;loom nzlz lpz<m/qz<nkzl (%]_07 for SOmeZ >0.
Proof. Let
I_mlnl?;loom nzlz Z Z Z

i,p<m j,q<n k,r<l

Foreach £ >0, >0 and m,n, [0 N,

DI W

i,p<m j,q<n k,r<l

d (X,
{(ka’w)]:o, for some ¢ >0. M

Xt > Xpur)
7

14

i,psm

A( Xy o X pgr )<E

J.qsn k,r<l

1 d X, X)), 1
:miz z ZM [ " = J znzlz [p<mz z ZM

— Y XYM

i,ps<m J.qsn k,r<l
d( Xy X pgr )2

Therefore for any 0 >0 and using (1)

{(m n)ONXNXN :

= “\{(z Jok):d (X, X

i, J.qsn k,r<l
A( Xy o X pgr )2E

3 (Xi/'k ’ qu,)
{

pqr

[WJ>M(£)( s |{(l Jok):d(Xy, X,,) 2 80, p < m; ],nSn;k,rSl}U.

pqr

Y2 &, p<m;jn<nk,r Sl}‘ P 5}
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D{(m,n,l)DNXNXN:; > Y Y[dw, ,qu,)]zaa}Dg.

2272
mn l i,p<m j,q<n k,r<l

Hence X is -statistically pre-Cauchy.
Conversely let X = <X i > be [-statistically pre-Cauchy and M be a bounded Orlicz function,

For a given £ >0, choosing 0 >0 such that M(J) < 7 and since M is bounded, so there exists a positive integer K such that

M(x) <§,for all x=0.

Then for any & >0, and for each m,n, /0N,

1 E(Xijk’qur)
e 2 2 2 [f]

i,p<m j,q<n k,r<i

1 dX, .X,, 1 dX, .X,)
=7 M Ak M| k2 e
m2n212 mz [,qzsrxk,;l [ Z m2n212 i,psynij,qzsrxk;l Z
d( Xy Xy )<E A(X gy, X pgr )26
1 dX, .X,)
SM + M yk pqr
(J) mznzlz Lpsz j,qun k;l [ Z
A(X g2 X g )2E
e K 1 ST . . .
< E+? (mznzlz ‘{(lajak) . d(Xijkaqur) 2 g:lap = m’]’” < I’l,k,l" = l}‘\J (2)

Since X is I-statistically pre-Cauchy, the R. H. S. in (2) less than & for all m,n,/ [0 N.Hence, for some ¢ >0,

e 339 W (w]:o

mml = m-n i,p<m j,q<n k,r<l

The following theorem gives a necessary and sufficient condition for a bounded triple sequence of fuzzy real numbers to be
I-statistically pre-Cauchy.

Theorem 3. 2. Let X :<X

ijk

>be a bounded triple sequence of fuzzy numbers. Then X =<X ,_.,,k> is [-statistically pre-

Cauchy if and only if 7 -lim——— 3 Y >[d @, x,)]=0.
mn l i,p<m j,q<n k,r<l ‘
Proof. Let
o -
I=lim— s 30 Y > [d &, . x,)]=0. 3)

i,p<m j,q<n k,r<l

Foreach £ >0, andm,n, /00N,

1 — 1 — 1 _
R R S WA LRl e D I I M L SR
d( Xy X g )<E d(Xy1,X gy )26
1 — 1 _
— dX..,X,]_ G, k) d(X, X )2 e i psmjq<mkr<h .
NS ;(p;mZX: | j;nk;l[ ( ik pq,) >€(m2n212 ‘{(l Jok):d( ik pq,)>€lp<m J.qsmk,r< }‘\J
wkt s X pgr 2&

Therefore for any 0 > 0, and using (3)
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(G, ),k d (X,

2 2 2 ijk ° pq)

{(m nDONXNXN :

)>£lp<qu<nkr<l}‘>5}

D{(m,n,l)DNXNXN P ID) >, X,z }D@.

i,p<m j,q<n k,r<l

Hence X is -statistically pre-Cauchy.

Conversely let X be /-statistically pre-Cauchy_Since X = <X " > is bounded, so there exists M >0 such that g(X i ,6) <M,
forall i, j,kON.

The for each £ >0, andm,n,[O0N,

DD FT )

i,p<m j,q<nk,r<l k,r<l

1 — 1 —
- m*n’l’ i,pSmZ: j;n k;l[d (Xijk ’ qur):| m’n*l? i,pSmZ: j;n k,zrs:l[d (Xijk qu’):|
;(X,,A,,L)<§ Q(X,,k,,L)zg
i | —— ky:d(X. >E icmj<nmksl
= 2 212 n ) m2n2 P {(l ] ) ( ijk > pqr) 2 = 5]—n7 = } .

Since X is I-statistically pre-Cauchy, for any o >0,

(G j. k) d (X

2n22 ijk> qu) 2’l

A={(m,n,l)DN><N><N:

Then for all (11,1, l) A4,

<d.

(G, k) d (X, X )> dsmj<mk<l}

par

2272
mnl

212 > ¥ Y[d@, . x,)]sams

i,p<m j,q<nk,r<l

Let J, >0, be chosen such that §+ 2M <4,

Then for all (m,n,l)0A°,

212 Z Z ZI:d (Xuk ’ qu):l

i,p<m j,q<nk,r<l

D{(m,n,l)DNXNXN Y 2 > d e, . x,,)]z }DADI

i,p<m j,q<n k,r<l

Hence [ —lim——— minll? Z Z ZI:d (Xuk ’qur)]

i,p<m j,q<n k,r<l

Theorem 3. 3. Let X = < ,,k> be abounded triple sequence of fuzzy number and M be a bounded Orlicz function. Then

1
[= lim ——o 22 ZZZI:d K > Xpgr) :I 0 if and only if /= lim ‘i ZZZ [

ﬂ%g@}QmMe

i~ -
b= men izl j=1 k=1 = izl j=1 k=1

{>0.
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Proof. Let 4

ijk>

+1

pgqr

g(X’k > X} r)
Then for some ¢ >0, M % <(1+34)d (X i » X ) and

M[d(X ”q’)J=(1+3A) MKy X,,) (#3400, X,,) (#3400, . %) doe x)
{ 1+d (X, , X ) 1+d(XU.k, 0)+d( X (1+34)) e

ijk > pqr

pqr? )

m_n

Therefore /- lim ——— i ZZZ[(! X > W)] , if and only if

mal-m " T A

! d (X,
I- lim 212 ZZZM{%JZO, for some ¢ >0.

mnlawmn =1 =1

Theorem 3. 4. Let X = < ik >be abounded triple sequence of fuzzy numbers. Then X = <X ijk> is I-statistically pre-Cauchy

m_ n

if and only if I—llm I ZZZ[d X s X,,q,)}

i=1 j=1 k=1
Proof. Using Theorem 3. 2 and Theorem 3. 3, the desired result can be obtained.
Theorem 3. 5. Let X = < ik > be a bounded triple sequence of fuzzy numbers. Then X = <X i/.k> is I-statistically convergent

to L, if and only if I — hm—l ZZZ[d Xy s )]:
mn

i=l j=1 k=1

Proof. Considering A4 = supz(X,.jk ,6) and M(x)=(1+4 +L)L+1,then the proof is similar to that of Theorem 3. 4.
X

i,j,k
Theorem 3. 5. A [I-statistically convergent fuzzy real-valued triple sequence <X ijk> is I-statistically pre-Cauchy, but an /-
statistically pre-Cauchy triple sequence of fuzzy numbers need not be /-statistically convergent.
Proof. Let the fuzzy real-valued triple sequence X = < t/k> be I-statistically convergent to L. Then for each £ >0, and
m,n,l N
I~ lim —|{(l k) d (X,

Uk,L)Zé‘,iSm;an;ksl}|=0

So for any &, 0 >0,

let A= {(mn HONXNXN: —\{(z jky:d(X,

ijk >

L)Zé‘,iSm;an;kSl}‘Zp}.

Then for (m,n,/)J A° (complement of 4),

Ll {(i,j,k):E(Xi/.k,L)Zg,iSm;jSn;ksl} <p.
” ‘
— NG d(XUk,L)<§,iSm;an;ksl} >1-p.
Let 4,, ={(. k) d(X, L) <eismj<mk<l).
Then
1
7Amnl >1_p (4)

So for all (i, j,k)O A4, ,
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d(X,, X, )Sd(X,,L)+d(X,, [)<e= 4, %A, 0{G,j.k):d(X,. X, )<eismj<mk<l}.
mnl mnl [|Am"l] . . -5
2.2 2,2 2n212|{(l’]’k):d(Xiik pq7)<gl<m]<nk<l}|
2
o 212‘{(1 J.k): d(X,,k,XW)<£,i£m;j£n;kSl}‘2{mn}z;z;} >(1-p)*, using (4).
So ——— I 212 {(, ], k): d(X,jk,qu,)>£l<m]<n k<hii<1-(1-p)°.

For any given p, >0, choosing 5>0 such that 1-(1-p)’ < p,.

Now for all (m,n,/)0 A

—— (G )0 d (X, X

2 212 pqr

222
mn

D{(i,j,k)DNXNXN:

07— lim

m,n,l - co

222

Hence <X ijk> is /-statistically pre-Cauchy.

But an [-statistically pre-Cauchy triple sequence of fuzzy
numbers need not be /-statistically convergent which follows
from the following example.

Example 3. 1. Consider the fuzzy triple sequence <X ijk>

defined as follows:

n

m ! 1
ol — — |, where
w3335
(m=-D!<i<ml(n-D'<j<n,(I-D!I<k<I!.
Then

=4

mnl

X

ik

for each 0 <a <1, the a-cut of <X ,-jk> is given by,

[, ] =4
Then

Cauchy, but not /-statistically convergent.

it can be proved that <X ijk> is [-statistically pre-

4. Conclusion

Using Orlicz function, the notion of the I-statistically pre-
Cauchy sequence of fuzzy real numbers having multiplicity
greater than two is introduced. A necessary and sufficient
condition for a bounded triple sequence of fuzzy real
numbers to be [-statistically Cauchy is derived. It is also
shown that an /-statistically convergent triple sequence of
fuzzy numbers is /-statistically pre-Cauchy. The introduced
notion can be applied for further investigations from different
aspects.
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