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Abstract: Due to the financial sector complicated variety of events, each financial problems from changes to know its essence,
the change rule, from the change of strategy to formulate relevant policy and policy into effect, etc., the process inevitably has a
certain lag. Therefore, in order to better reflect the actual situation, we study the portfolio model with delays in this paper. By
joining our delay control item, the optimization model was established, the goal is to maximize earnings expectations. In this
paper, it studies the continuous time without delay the mean - variance portfolio problems on the basis of existing research. It
established auxiliary problem using the stochastic linear quadratic optimal control theory. Using the maximum principle, the
solution of the optimal investment strategy are given and it analysis the case, the conclusion is in conformity with the actual. It
studies the existing time delay portfolio strategy problem in discrete time case. Based on the stochastic LQ (linear quadratic)
optimal control theory, it established the discrete time model with time delay. The paper has carried on the solution and example

analysis.
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1. Introduction

In today's capital market, the pursuit of profit maximization
is the main intrinsic motivation of each investor, but
investment is risky, the returns and risk of venture capital is a
problem of two aspects, along with investment of high yield
and a corresponding must be high risk. The expected return
and risk of portfolio depends on each of the securities income
ratio, variance, the relative proportion of all kinds of securities
and the correlation degree between the securities. Under
certain conditions of the relevance of the various types of
securities and securities gains of variance, investors can by
adjusting the proportion of various securities purchase to
reduce risk.

Due to the investment for risky assets, it needs to solve two
major problems: expected return and risk, therefore, investors
need to consider how to measure the risks and benefits of
investment portfolio and how to balance these two indicators
in the capital markets, and then invest in asset allocation.
According to the two main problem, Markowitz in 1952
published paper in the Journal of Finance of Portfolio
Selection [1], it systematically put forward the mean variance

Portfolio theory in the first time, it provides a method to solve
the problem of single stage investment Portfolio, the prototype
of the mean - variance model. According to investment target,
mean - variance model of single phase refers to investors at a
particular moment to asset allocation, after that it keep to the
end of the investment. Markowitz gives the numerical
solution of mean-variance model in the market of short sales
restrictions. Then many scholars has carried on the promotion
and development on this basis. When markets allow

short-selling, Merton [2] and Szega [3] are given the model

of single phase that does not contain the risk-free asset and
contain the risk-free asset, in that situation it analysis the
solution of the optimal portfolios and efficient frontiers.
Among them, it mainly use Lagrange multiplier method to do
that in the situation of does not contain risk-free assets. In the
case of risk-free assets, it mainly use iterative method and
genetic algorithm to do that, etc. See [4]. In the case of not
allow short-selling, it can be solved by numerical method.
Such as, Wen-jing Guo [5] gives a method of neural network
algorithm, De-quan Yang [6] gives a range search method to
solve the efficient portfolio frontier, etc. Zhu-wu wu [7]
analysis the effective frontier drift in the situation of joining
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effective securities or eliminating invalid securities cases. He
established the mean - variance model, using variance to
measure the investment risk. The advantage is that the model
is easy to understand, the relationship between the returns
and risk can be directly said, but the variance deal with
excess returns that higher than the average as risk, obviously
it is not reasonable. Therefore, many scholars consider the
second half of the variance is used to measure risk,
Markowitz [8] study the average - the second half of the
variance model. On average - the second half of the variance
combination optimization problem, O. L. V. Costa presents a
linear matrix Inequality method, Enrique Ballestero [10]
study the effective frontier of the average - the second half of
the variance problem.

As capital markets increasingly complex, single stage
portfolio model can’t meet the actual needs, in order to obtain
high yield, investors tend to adjust investment strategy
according to the change of market environment, the
multi-stage investment, the resulting the multi-stage mean
variance portfolio model. F. C. Jen, S. Zionts study found that
compared with the single phase model, objective function in
the multi-phase planning model contains Integral item

(Ex T)2 which has dynamic planning sense, make model is
unable to get analytic solution. The following nearly 30 years,
dynamic variance model studies were not made greater
progress. Until 1998, D. L I, 1. Wan [12] used maximize the
expected utility function method to solve a mean - variance
model, That is maximum E/UX(T))], U is the utility
function, can be a form of quadratic form, the logarithmic
form or index, etc., thus embedded in the question to another
problem that can be solved by dynamic programming method,
this is multi-phase mean - variance problem study of major
breakthrough. In addition, Yao Haixiang [13] study the of
multi-stage mean variance portfolio selection problem in the
risky asset return on related cases. M. V. A raujo [14] study
the parameter multi-phase mean - variance model in the
market in line with the random market state transition
process cases, get effective strategy is a closed set of
conclusions and the optimal strategy by solving a set of
coupled Riccati difference equation.

If market transactions is continuous, investors can adjust
investment strategy at any point in time, it is called a
continuous time mean - variance model. That is a multi-stage
model for further extension. G. Yin, X. Zhou [15] reveals the
discrete time me an - variance model and the nature of
continuous time variance model, makes the study of
multiphase portfolio naturally transition to the continuous time
model. Capital market is full of randomness and uncertainty,
how to seek the optimal strategy in the random environment
become a research focus in the academic circles. X. Zhou [16]
in a random linear quadratic optimal control theory for the tool,
through the establishment of auxiliary problem, studies the
continuous variance optimization problem under the complete
market, This is the first time to embed the variance problem
solving stochastic LQ optimal control problem, for subsequent
use of the optimal control problem to solve the problem of
portfolio laid a foundation. X. Zhou [17] gives the exact form
of continuous time mean - variance model efficient frontiers; A.

E. B. Lim, X. Zhou [18] and W. Guo [19] studies the
investment decision making problems in the random market
parameters, respectively, considering the stock prices have two
kinds of situations of jumped and continuous, also using the
stochastic LQ optimal control and backward stochastic
differential equation method, getting the analytical form of
effective investment strategies and efficient frontiers. X. Li, X.
Zhou, A. E. B. Lim [20] studies the mean - variance optimal
combination problem In case of not allow short-selling; for the
continuous-time portfolio selection optimization problem in
the case of liabilities, C. Mei, D. Li [21], S. Xie [22] gives the
corresponding research results; L. Liu [23] considering the
optimal portfolio selection problem in case of liabilities and
not allow short-selling restrictions. In addition, R. Bielecki [24]
respectively studied continuous time mean - variance optimal
combination problem in case of not allowed to fail on the
complete market and the market under the state transition;
Since the mean-variance model only considering the investors'
investment behavior, without considering the consumption
behavior of investors and the influence of consumption to
investment, it's inspired researchers through the utility function
combined investors' investment behavior and consumer
behavior. The purpose of the investors is pursuit of consumer
utility and eventually the expected utility of wealth is the
largest. Merton [25] [26] studied the optimal consumption
investment strategy in the case of continuous time, investment
spending under stochastic interest rate environment,
investment spending under stochastic volatility model
systematically, such as specific see S. H. Wang [27], etc.

With the deepening of the study, use the brown movement is
not well characterized increasingly complex capital market,
many scholars studied the underlying assets to case of
diffusion process, jump diffusion process portfolio problem,
specific see J. C. Cox [28], O. S. Alp [29], D. M. Dang [30], Y.
L. Although Markowitz's mean variance model has important
historical significance, but the assumption is too idealistic to
market conditions. Therefore, scholars by various ways to
relax assumption of the model, search for more close to the
actual market conditions the optimal portfolio; Especially in
recent years, the research of scholars closer to the actual
situation of capital market, such as, Y. Xu, Z. Wu [31] is
studied under the imperfect market have inflation mean
variance portfolio problems; W. Pang [32] part studied the
variance problem under the circumstance of information; S.
Yang [33] studied under the complete market circumstances
unbounded mean variance portfolio problem with random
parameters.

At present, the research of time-delay stochastic LQ (linear
quadratic) optimal control problem has made great progress
and gets some effective method. For example, L. Chen, Z.
Wu [34] gave maximum principle and its application of
time-delay stochastic optimal control problem. X. Song, H.
Zhang, L. Xie [35] studied for a class of discrete-time
stochastic systems with input delay and meet the conditions
of the optimal controller is given, and got the result of the
linear quadratic control. Juanjuan Xu [36] studied
continuous-time linear systems with input time-delay optimal
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control problem systematically. She get the necessary and
sufficient condition for existence and uniqueness of the
optimal solution and the display solution of the optimal
controller based on the stochastic maximum principle. H.
Zhang, L. Li [37] studied LQ optimal control problem with
multiplicative noise and Input delay discrete time stochastic
systems and get the display solution of the optimal controller
based on the discrete stochastic maximum principle; More
research about stochastic control are S. Chen, X. Li, X. Zhou
[38], C.Li[39], etc.

Due to the Complex variability of financial sector and
financial event, the releasing and spread of policies and
message need a certain amount of time, which makes a time
lag when investors adjust the investment strategy. In order to
better reflect the actual situation, in this paper, we study
portfolio model with time delay in order to realize the
expected utility maximization goals. In theory, research mean
- variance portfolio problem with time-delay with the help of

LQ optimal control method with input delay in control theory.

On the one hand, adding time delay widen the depth of the
mean - variance portfolio problem, which makes the model
more close to the actual situation and improves the
theoretical model applied in the real problems. On the other
hand, using the control theory research results to solve the
problem of financial theory, which makes control theory
having a new place and also inspires further research. On the
basis of existing research, this paper presents continuous time
mean-variance model without time delay, through
establishing of auxiliary problem, the original problem is
transformed into LQ control problem, and then use stochastic
LQ optimal control method to get the analytic solution of the
optimal portfolio strategy. According to multi-phase
mean-variance portfolio model, established discrete time
variance model with time-delay, gave the solution of general
form discrete LQ optimal control problem with time delay,
analyzed of the example.

2. Prepare Knowledge

The mean-variance portfolio problem

In 1952[1], the famous American scholar Markowitz
established the mean-variance model according to the
relationship between the yield of risky assets and risk firstly.
This model mainly solves the investors how to select an
optimal portfolio problem from all possible portfolio in the
beginning. Markowitz believe that investors' decision goal
should be two, that is as high as possible returns and as low
as possible risks, the best decision-making should be the two
goals to achieve the best balance.

Definition 2.1 If a portfolio has maximum expected yields
to determine the level of variance, at the same time, has the
smallest variance to determine the expected yield level, this
portfolio is called the mean variance portfolio effectively.

2.1. Single Phase Variance Model

Assuming that financial markets has n kind of assets that
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available for trading. Yields are respectively X1, X2,.... X ;>

P=EX)=(EXLEX 3,n EX )T s
expectation vector of earnings. The covariance of assets yield
is ojj = cov(Xi,Xj) (i,j=1,..,n), X corresponds to the

mathematical

here assumes that .

covariance matrix is X = (Jl'j)n X5

is a degradation of matrix. In particular, the vector

1= (1,1,...,1)T . If investors have the capital of one unit, he
invested in the portfolio vector n kind of risky assets is

n
M= (m,nz,...,nn)T, > m=1, m is the proportion of
i=1
investment in the i th kind of assets. The total yield of
n
portfolio is Y p= 3 71X ;. The total yield of volatility as
i=1
a risk, then var(x p) = 02 = |‘|T 2 M . Suppose the market

utility function of investors is the mean square of the utility
function, when investors choose portfolio, if the expected to
yield » p is certain, select portfolio model that makes its

minimum risk is as follows:
N S I
min—g4 =—M4 2N
il

E(Xp)=ﬂTl'|2rp
S.T n
> m=nll=1
i=1

Lagrange multiplier method was applied to solve the above
problem, then

_1o7 T u
L—EI'I N+ p-N M+ 2= X m)
i=1

of them are undetermined parameters, the

A1, A2

optimal solution of the first-order condition is:

a_L:O’a_L:O’a_L:O (1)
onT oA

Then we can get the optimal solution is:
nt=z"1w+ 21 )

So, it’s available that:
rp= MU st popTs7l= pja+ aob (3)
L=l s+ a0t Ts = pp+ Aoc 4

Among them a= ,uTz_l,u , b= ,LITZ_II U
c=1Tz_1l,1et A=ac—b2
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The solution of

rpth _atrp
A A
Put A1,A2 in (2), the variance of the optimal portfolio

equations 3) (4):

A= A2 =

are as follows:

e b, 1
A A(I"p C) +C (5)

2 _
CrD 2by0+a c

We can see that the equation is a parabolic equation by
equation (5). Components which included in parabolic make
up the feasible set of portfolio, the upper branch of the
parabola is called the efficient frontier. In all possible
scenarios of the portfolio provided by feasible set, investors
can find effective set through effective set theorem.

2.2. Multi-stage Model

Multi-stage model is an extension of the model of single
phase. For investors, the investment behavior tends to be
long-term. Investors will adjust the investment strategy along
with the change of market environment, so that under the
condition of a given final earnings makes the minimum
variance or under a given variance levels causes the final
yield is the largest. Investors' investment strategy is portfolio
group constituted by each stage portfolio that generally can
be solved by using the dynamic programming principle.

Let r;(iZO,l,...,n) is the 7 th kind of asset’s random

rate of return in the ¢ phase, nll:(i =0,1,...,n) denote the

proportion of the i th kind of assets invested inthe ¢ phase,
X; denote the amount of wealth at the end of the ¢

investment stage and investors are in 7 phase of the
investment. Let , =¢1,2 .M, =Ghmd...ahli=12...T -
Then the multi-stage model is:

minVar(X )
M

E(xT)z i

St 1 x=x—+/ T +a-nT,)r % (6
t=12,..,T

Among them f is the final expected yields.

Although the multi-stage portfolio model have already a
long time, it is difficult to get the analytical solution because

i=1

i=1

m m m
={7(1)No(l)P0(1)+ > bi(l)Ni(l)Pi(t)}dH' 2 NiOPi() X oj®dw ()
J=1

m
= {V(I)X(t) + X (5O =r(Olui(r)

its objective function contains (E X T)Z integral item of

dynamic planning sense, therefore we need to introduce
approximation problem to solve this difficult problem.

2.3. Continuous Time Model

Continuous time model is further extension of multi-stage
model. It assumes that market change over time continuously.
Suppose that there are m+1 kinds of assets trading
continuously and one of these is a risk-free securities, its
price P((t) change process to satisfy the following

differential equation:

{dPO(f) =r(t)Po(t)dt,t O[0,T]

Po(0) = p =0 @

Among them r(¢) > 0 is risk-free securities rates, and the

rest m kinds are risk securities, the price process to satisfy
the following stochastic differential equation:

4P = PAOLbOd+ 3. a(dw (0} D[0,T] "
i=1

Pi0)= p; =0

Among them g;(t) =(g;1(t), gi2(t),.... Tjp(t)) is the
volatility of risk assets i, p;(f) =0 is expected yields of
the i th kind of asset and
ot =(0j(),, x D) = (b1(0),52(0), ;b (1)) - Assume that
H)OC(0,T1;R),b() DC([0,TT R™), (1) y x 1y T C(O,TT; R X 1M)
are a F; -measurable function; Assume that there exist

constant O >0 that makes a(t)a(t)Tzd,DtD[O,T];

Assume that all the functions on ¢ are measurable and
uniformly bounded.
Assume that wealth of investors at time of ¢ is x(¢), the

number of the i thkind of assetsis N;(?), then
m
x(0)= X Nj@O)Pi0),t=20 )
i=0

Assume that trading is continuous and do not consider the
transaction cost and consumption, then

A= 5 N{OdPiD)

i=o

(10)

i=1

m m
di+ Y 3 oiOuindw (o)
1

j:][’:

x(0) = xo >0
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Among them ;(t) = Nj(O)P{()(i =0,L,...,m) is the
investment share of the 7 th kind of assets in the time ¢, say
u(t) =(ul(t),uz(t),...,um(t))T is a portfolio strategy of
investors. Our goal is to select the optimal investment
strategy ytb) makes a final moment of expected revenue
Ex(T) is the
Varx(T) = E[x(T) - Ex(T)]* = Ex(T)2 —[ Ex(T)]? is
minimal.

largest, and the corresponding risk

3. Excluding Continuous Time Delay of
the Mean - Variance Portfolio
Investment Decisions

Then consider from the study of literature [16], under the

m m m .
dX(t)={f’(t)x(t)+ x [bi(t)—f’(t)]u,'(t)}a’t+ X 2 ojjOuidwl (1)

i=1

The Research of Discrete Mean - Variance Portfolio Problem with Time-Delay

framework of stochastic linear quadratic optimal control,
consider excluding continuous time delay of the mean -
variance portfolio strategy. Investor's goal is to pursue
maximum return and minimum variance of expectation
wealth at end moment. It can be turned into a
single-objective stochastic control problem by giving two
objectives empowerment and then converse into a standard
linear quadratic problem.

3.1. Model Description and the Approximate Problem
Building

Consider the continuous time mean - variance model given
earlier, symbols used in front of said. In the continuous
trading and do not consider the transaction cost and
consumption cases, the wealth x(¢) of the investors in ¢

time meet that

j=1li=1 (11)

x(0) = xo > 0

Our goal is to choose an optimal investment strategy
uftz) , makes the expected revenue Ex(7") at final moments
is the largest, at the same time corresponding to the minimum
risk Varx(T) = Ex(T)% ~[Ex(T)]%, this is a double objective
optimization problem. According to multi-objective
optimization theory, it can be transformed double objective

optimization problem into single objective optimization
problem as follows:

min— Ex(T) + pVarx(T)
E[fut)Tu(t)de <
(x(@), u(t))ymeet(11) type.

(12)

The parameter >0 express risk factor, the above
problem notes P(L).

Due to the objective function of P(L) contains

[EX (T)]2. It is inseparable under the dynamic planning and

difficult to solve, therefore, so it introduce the following
auxiliary problems:

3.2 Solution of the General Form Stochastic LQ Problem

LQ problem is a class of important optimal control

min E[_ 1y (7)

m m .
dy(0) =[r@y@ +(b@) —r@u@ +yr@Olde+ X X gjiOui)dw/ (1)

minJ(u(.); 4, A) = E{ ux(T)? —)Ix(T)}

Efgu(t)Tu(t)dt <
(x(2), l(t))ymeet(3.1) type.

(13)

The parameter is >0, <A< +o0o  the problem is
A(u,A) .

By literature [16], the solution set of problem P(L) is
subset of the solution set of problems A(i,A), so it can be
solved by solving problem A(u,A) to solve the problem

P().

Converse the auxiliary problem (13) as following:
A

y=—— yO=x()-y
2u

The problem (13) is equivalent to the following questions:

2]

L (14)
j=li=

y(0)=xo-y

problem and it has a good structure, its optimal solution is
obtained by solving the Riccati equation. It can solve the
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mean - variance model by stochastic LQ problem due to LQ
structure of the mean - variance portfolio problem.

General form of linear stochastic differential equation is as
follows:

50 =LA+ BOuO + fOkdt+ 3D Oudw ) (1
j=1

x(0) =xoOR"

For O u(t)U L%([O,T 1;R™) , the corresponding value

function is:

Jw() = E[f %[x(t)T 0)x(t) +u(t)T R(tyu(t))dt +%x(T)T Hx(T) (16)

Among them QOR"*" RORI*I HORN*M s certain
weighting coefficient matrix.

In the form of the following equation is stochastic Riccati
equation:

P(t) ==P(0) A(t) - A P(t) - 0(1) + POOBOK (1) ' B(1) T P(1)

P(T)=H 17

KO =R0+ % DO P0)D /0= 0,0¢0[0,7]
j=1

-1

. m

() = =A@ Tn(t) + PO)BO(RE + 3 Dj(t)TP(t)D § Q) B Tn(t)-P@) £ (1) (18)
j=1

a(T)=0
Theorem 3.1: if the P(¢) and n(¢) are continuous in the

[0,71], the stochastic LQ problem (15) - (16) has the optimal
feedback control as following:

l _1
uHtx)=-(RO+ X D j(f)TP(t)D i) BOTP@x+n@) (19)
j=1

Proof: consider the stochastic linear system, consider a
one-dimensional situation for brevity.

dx(t) = (A()x(2) + B(Ou(t) + f (0))dt
+(CO)x() + D(eyu(®) + £ (0))dw()

x(0) = X0

The value function is
Jr= %E[JOT (0T ox(t) +u@)T Ru()di + (1) T P(T)x(T) (21)

By the maximum principle, along with state p(¢#) meet
the backward stochastic differential equations as follows:

{dp(r) =40 p()+C0)T g(0) + Ox(0)ldt +g(0)dw(t) 5,
p(T)= P(T)X(T)

The optimal control u(¢f) to satisfy equilibrium

conditions as:

0= Ru(t) + E[B0)T p)+ DT a0)|F]  (23)

Assuming that the relationship of accompany state and
system state is as follows:

p(t) = P(t)x(1) + n(1)
So

O O
dp(t) = P(t)x(t) + P(t)dx(t) + n(t)dt
O O
= [P(O)x(@) + P()(AW)x(2) + B)u(r) + (1) + n(D)]dt (24)

+P(E)(C(0)x(t) + D(Ou(t) + £ (1))dw(t)

The corresponding coefficient dw(¢)
concluded that:

is equal, it is

q(t) = P@)(C(O)x(0) + D(O)u(®) + £ (1))

Put  p(#),q(1)
because the x(t) is for F;- measurable, concluded that

respectively in equilibrium conditions,

0= Ru(t)+ E{ BT (P()x(t) + n())

+D(OT POICOXO + Deytt) + T 0|

25)
=(R+ DT ()P(0yu() +[B(t) P(1) +
DOTPE)C)1x(0) + BO) n(t) + £(2)
(20) Then the optimal controller can be represented as:
u(t) = =(R+ D) P()D(0)) (BT (1) P(e) + D()T P(t)C(0))x(0) + Bt)  n(e) + £ (1)] (26)

Due to the (22) and (24) in the corresponding coefficient
of dt items are equal, and C =0, f(¢) =0, then it can get
the conclusion of theorem.

3.3 Solution of the Auxiliary Model

Problem (14) is the special case of (15) (16), and consider
that

A@) =r(), B(1) = (b1() = r(D)ss by () =1 (@), f(O) = yr(D) s
(90, R(®)) =(0,0),

D j(1) = (a1 j(0);-. ()

one-dimensional, order that

H=pu . x(t) is

>
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m _1 _1
p,= Bl _le(t)§D(r) A BOT=BOomonT BoT 27
j =

By (17)
O
P(1) = (p;=2r)P(1)
P(T)=u (28)
P(t)[osoT 1> 0,¢0[0,7]
It is easy to get the solutions of (28):
P(t) = e~ ((s) = 2r(s))ds (29)
The equation (18) can be written as:
{n’(f) = (PO == yrOPO) 30
n(t)=0
The (19) shows that the optimal investment strategy
' _1 \ t
Hen=gowgor Boly+ 551 6D
Let h(¢) = n(t)P(t) , it can get
0 g 0
(o) = POMOZIOLO ey - yroy
P(t)
And /(T) =0, so it can get that
WD) = p1- ¢l 7)) (2)

Put (32) into (31), considering the substitution, it can get the
optimal control strategy is:

-1 T
WH60) = (000 0] B Oyl T —x) (33
Put (33) into (11), it is concluded that:
dx(t) =[((1) = pO)x(0)+ ye It 7S (o)
+B(t)(a(t)a'(t))_la(t)( ye—JtT r(8)ds — xydw(t)  (34)

x(0) = X0

Get expected available from both sides, it can get that:

AEX(0) =10~ POVEX(O) + ye It Splar 55
Ex(0) = x(

Solve (35), it can get that:

The Research of Discrete Mean - Variance Portfolio Problem with Time-Delay

Ex(T) = axo+ By (36)

Among them a = ef({ (r()=p)dt g =1 —e_Jg p(ndt

3.4. The Example Analysis

Consider an investor, the initial wealth is one million yuan,
there are two alternative investment object, the one a
risk-free securities 7 =0.05, the other one is stock return

risk 5 =0.15. Assuming that invests for a year, T =1,
analysis example in the following three kinds of
circumstances.

1) When the standard deviation is ¢ =0.2, investors
expect the yield of 20%. That is Ex(1) =1.2 million yuan.

: _(b=-r) /% _ ,
By (28), it can easy get that p =( ) = 0.25, using

, 1.2-¢702)
29) it can get =" ¢ =1.7238,
(@) itcaneet % - 0.25)
Thus, by (33), the proportion of invested in risky assets is:

uHe,x) =2.5(1.72380-05( = 1) — x)

u%,x) is a function about time and wealth, when

t =1,x =1.2, can calculate that MQI,I.Z) =1.3095.

2) When standard deviation is 0 =0.2and given value )
is y=12,1.6,1.8
expected wealth value at end stage is
E(x)=1.0842,1.1726,1.21169 respectively, the proportion

respectively, corresponding to the

;(0, x0) of zero time investing in risky assets is

;(O,xo):0.3537,1.3049,1.7805 respectively. Thus, it can

found that when risk assets volatility is certain, the bigger of
y, the more wealth the investors expect to obtain, the greater
the amount of initial investment in risk assets.

3) When the terminal expected wealth value is
Ex(1) =1.2 million and the variance ¢ =0.15,0.2,0.25, the

corresponding )y is )y =1.4656,1.7238,2.0568 , the

proportion u(0,x() of zero time investing in risky assets is

;(O,x()) =1.7515,1.5993,1.5304 . Thus it can be seen that the

expectation of investment income wealth under certain
conditions, the greater the volatility of risk assets, and its
corresponding value r is larger, the smaller the initial
investment in the proportion of risky assets.

4. Discrete Time Variance Model with
Time Delay

Because the actual problem exist the influence of factors
such as access to information lag and formulate policy lag etc,
so input control existed delay problems inevitably. This
section in the basis of the above, according to the result of
literature [42], established the corresponding discrete model,
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worked out the analytic solution of the optimal investment
decision, and gave out the analysis of examples.

4.1. Description of Model

Set ;»2 as risk-free asset return, r}'c(i =1,2,...,n) forthel
th risky assets in the kth phase of the random rate of return,
u% —d said investors in k—d phase invest to the
proportion of the ith asset, gij said the covariance between
the risk assets and the random rate of return. xj For

investors to invest in the & phase at the end of the amount of
wealth, investors to invest N stage, the purpose of that is to
make final moment of expected wealth value maximum and
risk minimum. With time delay control model of the discrete
form expression is as follows:

max E(x7) = (Var(xT)
u

0 .oom m 37
xk+1= U+ (R + X X ojjwiluk-d
j=1li=1
i-1_0
The parameter ,u>-0,Rk—rk i

Introduce the problem (37) auxiliary function is as follows:
minJ = E[ux(T)? = Ax(T)]

0+ 0 4= 04 TS o
xk+1=UHrDxg Gl = XX ojjwiuk-d
j=li=1
H=0,-00 < A < +00 (38)
The parameter /> 0,—0 < A < +oo
A . .
Let y:ﬂ’yk =xj —V, Problem (38) is equivalent to
the following models:
minJ = £ uy(7)?)
(39)
_ 0 ; m m 0
Vi+1= ey v+ Rt 2 X ojjwiuk—d T Vry
j=li=1

wj, is white noise.

4.2. Stochastic Maximal Principle of Discrete System
Containing Time Delay

Assume that feasible control field is convex set, as the
following general control input of the controlled system
containing time-delay

k

k1= A wp A+ (BHwiBuj—g+(f +wif) (40)

xj 1is state of the system, is control input

uk—-d
containing time-delay, wyj is White Gaussian noise,

Constant coefficient matrix
A AORNXN, B BORNXM; £ RN .

With the system (40) corresponding to the value function is:

J=E N o+ ¥ R +y 41)
Y xkOxkt X uf—-gRufp-gd+txN+1PN+IXN +1
k=0 k=d

O0,PN +10R™ ™ is the half positive definite symmetric

matrix of the corresponding dimension, R R™*M is given
symmetric positive definite matrices.

Lemma 4.1 System (40) necessary conditions such that
J N 1s minimum is

Ak—1= EL(A+wyd) AR Fr— 11+ Oxp (42)

0= E{(B+wyB) Ak|Fk—d -1{ + Ruj - gk =0,...N (43)

(42) is called the adjoint equation, Ak is called the adjoint
state, terminal condition is met AN = PN +1XN +1, and
PN +1

Given by the value function (41). System equation (40) and
the adjoint equation (42) is make up Is backward difference

equation systems, (43) is called equilibrium equation.
Proof: Fixed terminal time N, and yj for Fj_¢—q

measurable, consider LQ control problem, take admissible
control sets:

2
U ={/'IkE/'Ik =< +°°’:uk forFk_S_lmeasurable}

Allow the control field 1is convex  set,
uk,o-uk DU,ED(O,I) , then uk+5ukDU.

The Jp,xp denote under yj the value function and

take

state trajectory respectively, J§, xi denote the objective
function of the controller under ui and state trajectory,

denote by: JJN:J‘;:\/_JNaJXk:xi_Xk , then for

OJ ) as Taylor expansion, can get:

0

' N ' '
5JN:E{2xN+1PN+15xN+1+2 L [kua-xk“'ukaJuk]“'O(é‘z)} (44)

O(g2) is 2 with infinitesimals.

By the system equation (40) available:
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Oxj +1= (A+ Awp)Oxg +(B +Buwy)E0u Among them  F (k,i) = (A + Awj)(A+ Awg — Doe(A+ Awp),
45)  Fxlk,k+1)=I

k _
= Fx(k,0)0x0+ . L Flk,i+)(B+Bwj)&u; Bring type (45) into type (44) available:

i=0

, k _
87 = E{2xN +1PN +1F x(N,003x0+ X Fy(N,i+1)(B + Bu;)edu,]

i=N
N ' N ' 2
2 Y xpOF x(k=1,000x0+2 X ujREu)+O0(e%) (46)
k=0 k=0
N | k-1 _
2 Y xkQ T Fy(k=Li+D(B+Byw)edu;}
k=0 i=0
Due to the last item of (46) can be expressed as
N . k-1 _ N-1 N _
Y xjQ X Fxlk=Li+1)(B+Bwpedy;= ¥ X xpOF(k—1i+1)(B+Bw;)E0u; 47)
k=0 i=0 i=0k=i+1

Notice Ox( =0, use the type (47) to calculate 0 p; as follows:

, N _
JJN :E{sz+1PN+1 > Fx(N,l+l)(B+Bwl)€5ul

i=0
N-1 N . _ N )
23 Y xpOF x(k—1i+1)(B+Bw;)&0y; +2 % ukad'uk}+O(g)
i=0k=i+1 k=0

N-1
:E{G(N+1,N)£5u Nt X G(l+1,N)£6ul}+0(52)
1=0

N-1

= E{ EIG(N +1.N)|F y ~1}0u i/} +E{ > E[G(Z+1,N)|F]_1]£5u]}
1=0

+E{{G(1+1,N) ~ E[G(N +LN)|F y — 1} €64 N}

N-1
+{ )) {G(l+1,N)—E[G(l+1,N)|Fl—1]}€5ul}+0(£2)
/=0

N-1
= E{ EIG(N +1,N)|F y ~1}68u \/} +E{ ) E[G(l+1,N)|F]—1]€5uz}+0(£2) (48)
[=0

G(N +1,N),G(I+1,N) Respectively: E[G(N +1 N)|F 1=0 (51)
s N_l -

G(N +1,N)=2xy + 1PN +1(B+Bwy) +2uyR (49)
NHIEN T NI SN EIGU+LN)|F -11=0 (52)

GUALN)=RuR*2xN 41PN +1F NI+ 1) Below prove (49) - (50) and (51) - (52) is equivalent,

N Bring type (43) into type (42), and k = N, then can get:

+ X xpQF x(k=LI+DI(B+Bw) (50) -
k=1+1 E[(B+BwN) PN +1xN +1+ Run|F N 1120 (53)

By (48) know necessary conditions such that J is the To compare (53) and (51), it can know that (53) that is (51);
smallest is: In addition, by (42) it know:
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Ak-1= E[(A+Wk2)'/1k|Fk—1]+ka

= E[(A+wpA) (A+wp + 1A) A +1+(A+ wkz)'ka|Fk -1

N
= E] ’ZkFX(j ~LE)Ox j+ Fx(NK)PN +1xN +1] (54)
] =

Bring type (54) into (43) can get:

_ N
= E{(B+Bwp)[Rug+ ¥ Fy(j-1.6)0x
j=k

HF (N OPN 413N +1+ PN +1xN +1[F N =1} (59)

It’s easy to see the (55) that is (52) q.e.d.

4.3. Solving of General Discrete LQ Problem Containing
Time Delay

Representation of general form of containing time-delay
discrete LQ problem is as follows:

Xk +1= A HwpAxg +BHwiBug — g +(f +wif) (56)

wy 1s one dimensional Gaussian white noise of zero mean

and (72 variance, xjR™ is the system state, y ;[ R™

d >0 is the time delay, A4. B.AB is

the corresponding dimension constant matrix; f.f be given

is the control input,

certain function.
System (56), the corresponding value function is:

=E N + ¥ R +x (57)
JN Y xiOxkt 2 uk—dRuf—dt*XN+IPN+1xN +1
k=0 k=d

O+ R.PN +1 is half positive definite symmetric matrix

with appropriate dimension.
This problem need to look for Fj _ ;-1 measurable

control yj — 4, make J) minimize.

Based on literature [42], define the following Riccati
equation:

PL=APL, A+o2APL, A+ 4pdtlar0  (58)
P2 =-Mym (59)

k kY Mk
Ph=AP4i=3,d+1 (60)

Terminal condition is satisfied P%V +1=PN+1> and

=0,2<i<d+1. Yi» Mk satisfied:

i
P41

d+l ,

V= 2 BPk+lB+0' BPk+1B+R (61)
J_
d+1 j —

Mg= X BPk_,_lA"‘U BPk_,_lA (62)
J_

In order to insure the solvability of problem, hypothesis is
as follows:

Hypothesis 1 For (58) - (62), assume that the coefficient
matrix of the value function (57) meet ) reversible,
k=d,d+1,.,N

Theorem 4.1 Under the condition of the above hypothesis,
the discrete control input with time-delay system (56), there is
only the optimal controller makes the corresponding objective
function (57) minimize, and the optimal controller is
represented as the following form:

-—y;Ld(Mk+d;k+d|k+rk+d),osksN—d (63)

Among them % k+d | ) 1s forecast about using the state of

the moment k and history input uj —1,...uf—4 for the

state xj 4+ of the momentk +d , namely:
R d d -1
Sh+dlk = Flxk+dlFie-117 4%+ X A" Bujg—; (64)
i=1
And pj of (63) meet the coupling relationship as follows:

d+1
rk= X BPk_,_lf"'U BPk+1f+Bhk+1
J—

(65)

d+1 66
hk——Mkyk rk+ z AP +1f +0? APk+1f+Ahk+1 (66)
=1

4.4. Terminal Conditions to Meet

hAN+1=0.rN=BPN+1f +a2BPN+1/ (67)

Along with the state Aj and the system state satisfying
relationships:
d+1 .
/1/( Pk+1xk+1+ Z Pk+1xk+1 k- d+l—1+hk+1 (68)

Proof: According to lemma 4.1 established stochastic
maximum principle, can get the following relationship

M —1= ElA+wp ) Ap|F =11+ Ok =0, N (69)

= E[(B+wiB) Ag|Fi - g 1)+ Rug = g-k =d...N (70)

And terminal conditions to meet: Ay =PN +1xN +1
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Using mathematical induction, when k=N , by the equilibrium condition (70) can get

0=E[(B+wNB) PN +1xN +1|F N -d -1+ Run —d

= E{(B+wnB) Py A+ Axy + B unBuy —a+ (N EN -a -1} +Run -
=(B'PN+1A+UZEPN+1Z)§N|N_d+(R+B'PN+1B+UZEPN+1§)uN-d

+BPN+1f +0?B PN +1f
Notice the type (61), and by the previous assumptions /5 is reversible, therefore, y p— 4 can be represented as:

uN—d=‘V]_V1(MN>AcN|N_d+rN) (71)

Notice p! =0,2<i<d+1, can get and A7 n by (61) (62) given respectively, _; satisfied (64), and
N +1 VN N XN|N-d

rN satisfied (67).
By the adjoint equation (69) can be derived:

AN -1 :E{(A+WN2)'PN+1[A+wNZxN+(B+wNE)uN—d
+(/+wNIF N -1} +OxN
=(UPN +1 4+ X4 PN 414+ Q) +(A'Py 1B+
02 A PN +1BuN g +(APN +1f +02 4 PN +1])
=(UPN+14+0X G PN +14+Q)x N (4PN + 1B+
JZZ’PNHE)V]_\}(MN;NW—d+FN)+(A’PN+1f+022’PN+1.7)

d+1
:P§va+_22PleN|N—d+i—2+hN

1=

P%V’ P%V Satisfied (58) - (60) respectively, sp by (66) given.
To take advantage of induction, take any 0</< N —d , for giving k =/+1, assume the following set up:

(1) Aj -1 meet the relationship (68), P}{ , P;{ (2=<i<d+1) satisfied (58)-(60), hj satisfied (66);
(2) The optimal controller 3} — 7 by (63) given, rj satisfied (65).

To proof under the above assumptions k =/ are also established.
By the above assumption A; and the system state to satisfy the following relations:

d+1 .
/‘l:P}+1xl+_22P§+1XI+1|l—d+i—2+hl+1
l:

= P} (A )xp+ PY (BB — g+ P (f +wif)

d+1 .
+.§2P5+1(Axl|l—d+i—1+Buz—d+f;)+h1+1
1=
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— d+1 . — d+l .
:p}+1(A+w;A)x;.zzp;ﬂAx,V_d+l~_1+[p}+l<B+sz)+.zngﬂB]w_d
1= 1=

— d+1 .
+P}+1(f+w1f)+.ZZP}+1f+h1+1 (72)
l:

Put (72) into (70),

—, — d+1
0=E{(B+w;B) P} ((A+wid)x;+ %

2(B+w15’) Prodxifi-d +i-1
l_

_, _ d+l .
+H(B+wB) P}, (B+wiB)* S (B+wB) Pl Bluj-g

i=2

— — d+1 .
+(3+wlB)[P}+1(f+wlf)+_22P§+1f+h1+1]|F1-d_1}+Ru1-d
l:
Dl 220l DS g e
=EN(BPpAto BP1+1A)XI+_223P1+1AXI|l—d+i—1|Fl—d—1
l:

' ! - d+1 [
+(B'Pl,B+0?B P}, B+ ¥ BPY, Buj-a+Ruj-g4
=2

1 =
'l P B L L '
+BPl+lf+U BPl+lf+ Z BP§+1f+Bh[+] (73)
i=2
By the previous assumption ) is reversible, therefore the (60) (61) shows that 37— 7 can be represented as:

ul-d="V] 1<Mz;l|, _g+rD) (74)

Namely the optimal controller (63) was established for K.
Then prove that A; 1 satisfy (68), according (69) (72) and (73), we can get:

M1 =17 E{[(A+wp 4) P} (A% ) + (A4 4) PEF AL

_, _ d+1 _, . L
AA*+wiA) P (BHwiB)+ T (A+wid) Pl BT O L) - g+ )

i=2

d+1 o ,
* T i) Py g il Fi-i} Qe AP
1=

=1 7 A8 '
to AP,+14f+.22AP§+1f+Ah;+1
1=
- L gl T pd i O =1
_(Q+(A)Pl+1A+AP[+1A+APz+1A)xl+.23(A)P1+1Axl|l—d+i—2
l:

_, —odrl
(A+wA) P}, (B wiB)+ > UrwA P Bl iz —a* )
l:
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' . _ d+1 Vo ,
YAP) S HOTAP) S+ X AP S AR
i=2

In addition, because there is the following relationship:

E[(A+wd) pd F141= 4

[+1

Mi=APj+1B+a?4 P}, B+

Therefore, (74) can be represented as:

d+1

Al- 1-P}xl+ Z P]x[|] d+i-2%hi

So p; satisfied:

(- —! d +1 ' '
hi=-M1y; 1r1+02AP}{+1g1+ bX AP}+1f1+Ah1+1
j=1
So it has proved that the conclusion of theorem to &k =/
also set up. According to the mathematical induction, g.e.d.

4.5. Solution of the Model (39)

Now back to the time-delay discrete form about solving
auxiliary problem (39) of the mean - variance model,
contrasting the model with time-delays discrete LQ control
problem, Find the model is a special case of the time- delay
general discrete LQ problems.

Ak—l"'rg,A 0,B = Rk—rk r%

— m m
B:Dk= Z Z G'U,f yrkaf O

j=1li=

Likewise, applying the maximum principle can get the
following conclusion:

AN = HxN +1

Ak =17 ELA}Ak|Fk =11,k =0,..,N 77)

0= E{(Bk+kak)'/1k|Fk_d_1},k =d,.,N (78)

Applying in front of the conclusion, can get the optimal
portfolio proportion directly:
= _ylzlwtd(Mk+d;k+d ctrk+a) (79

Among them

The Research of Discrete Mean - Variance Portfolio Problem with Time-Delay

(75)
2 d
pd +1 Voa - (N2 d
APfHla= (A)Pz+2‘ ‘(A) Piy g4
d+1,
X AP B
Jj=2
(76)

yk+d|k = By +qlFr-11= 4y + Z AT By

i=1
yk=xk—y,rk=B'Pk+1fk+B'hk+1

d+l
Ak - 1—Pkyk+ 2 Pkyk|k d+i-2"k

hk=M}€y,;1rk+A'Pk+1fk,hN+1=0

4.6. The Example Analysis

Assume that an investor has initial wealth of one million
yuan, investing in a risk-free securities and a risk stock

respectively; annual return of risk-free securities is r% =6%,

annual return of risk stock is r}€:16% , The standard

0=20% , Time delay d=2 , and
Investors do four investment strategy

deviation for
u-1=Lu—p=2,
adjustment, i.e. N=4,u4=2,then pp41=11 +r2 =1.06,
In addition, the white noise as Gaussian white noise
w~ N(0,1). Use theorem 4.1 to calculate directly:

p}l =1.1236 pg =1.2625 pl2 =1.1348
4 =-0.2247 3 =-0.1685 2 =-0.1351
2 0 g =-0.2525 % =-0.1893
¥y =0.0589 y3=0.0539 Y4 =0.0500
Mo =0.0892 M3=0.0953 M 4=0.1060

Due to ;> 0(i =2,3,4), therefore, by theorem 4.1, exist

the optimal solution, and (70) can get the optimal control for:
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- ~ 12
ug = 1.5144y2|0 0.0589
— ~ r3

=-2.12005 1, ——4
2 V4127700500

5. Conclusion

China's capital market for many of China's listed companies
play a role of the financing to raise asset allocation, and also
make the public investment fans involved in the economic
development, share the achievements of economic
development. Especially with the popularity of Internet +,
more and more online financial products such as the balance
of the treasure, earnings treasure in endlessly, make more and
more investors change their idea of financial management,
investment diversification. Due to capital market increasingly
complex, the simple qualitative analysis can’t meet the needs
of investors and quantitative investment analysis has become
the inevitable choice of investors, and the method is based on
mathematics, statistics and information technology tools,
through the establishment of the corresponding portfolio
optimization model, make a comprehensive analysis of the
market macro data, enterprise financial position and trading,
seeking reliable stability probability distribution, according to
the change of data in a timely manner to adjust investment
strategy. It turns out, Quantitative investment analysis to
intensification of operation and management, are often good
at capturing and grasp the fleeting investment opportunities in
the market, achieve better long-term stable returns. With the
rapid development of economy in our country, the capital
market gradually perfect, the financial product is increasing,
especially some risks such as balance of treasure of wealth
management products, make the broad masses of investors
will not put money only one basket, will be carried out in a

certain portfolio investment, in order to obtain greater benefits.

The mean - variance model is one of the basic calculation
model of portfolio strategy, previous researchers did not
consider delay problems, on the basis of existing research, this
paper established the delay discrete mean - variance model,
stochastic optimal control with the aid of LQ problem, to get
the analytical solution of the optimal portfolio, further, also
can consider to delay the continuous mean - variance portfolio
model. Although the significance of this research is more
important, the result is satisfactory, but its research conclusion
and the actual still has a gap, there are still many aspects need
further research, such as:

1) On the basis of solving the optimal strategy, to further
study the effective frontier of portfolio, analysis the
relationship between the expected return and risk; 2)
Considering it contains transaction fees and consumption in
the model; 3) considering investing object contains options,
etc.

Thank you to the review expert and the editor for your
Suggestions
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